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Abstract
Soft robotics is a novel field that has gained importance in recent years. The idea
in soft robotics is to use materials with a softness comparable to human tissue.
With these materials, soft robots are capable to adapt to their environment with-
out extensive use of a sensor system. This makes them interesting, for example,
in rehabilitation or as a surgery tool. Due to their softness, soft robots are typ-
ically underactuated, which means that they have a lower number of actuators
than degrees of freedom. This softness leads to significant deformation of the ini-
tial soft robot configuration when external loads are applied, for example, when
carrying a weight. Hence, for practical applications, it is important to determine
the workspace of a soft robot especially when the robot carrying an object. For
this setup, the deformation of a pneumatically actuated self-developed soft robot,
which carries a weight, was simulated. The workspace was analyzed for differ-
ent air pressures in the chambers of the soft robot as well as for different applied
weights. Analytical equations for the description of the workspace were devel-
oped from the results of the simulations. From these equations, the effects of air
pressure and weight on the workspace can be efficiently determined. In addi-
tion, the influences on different robot configurations (e.g., robots with different
lengths) can be directly compared with each other.

1 INTRODUCTION

Soft robots, also called continuum robots, are inspired by biological systems and stand out from conventional robots
because of their intrinsic properties [1, 2]. These properties lie in the use and arrangement of soft materials. Soft in this
context means that the stiffness of the materials used is in the range of biological materials, with a Young’s modulus
between 104 and 109 Pa. An almost unrestricted deformation of their flexible structure gives the soft robots their unique
mobility [3, 4].
The areas of application for soft robots range frommedical applications to safe human–machine interaction [3, 5]. Due to

the soft material, impacts can be largely absorbed. Conventional robots, however, require complex stability and protection
algorithms for their use on and with humans. These robots are therefore used in predefined environments. Soft robots
can dispense with these methods thanks to their compliance. They are therefore also designed for use in unstructured

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2023 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.

Proc. Appl. Math. Mech. 2023;23:e202300179. wileyonlinelibrary.com/journal/pamm 1 of 7
https://doi.org/10.1002/pamm.202300179

https://orcid.org/0009-0009-3218-6827
https://orcid.org/0000-0003-4358-1960
mailto:robin.seis@rptu.de
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/pamm
https://doi.org/10.1002/pamm.202300179
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fpamm.202300179&domain=pdf&date_stamp=2023-10-18


SEIS and dE PAYREBRUNE 2 of 7

F IGURE 1 Structure of the modular soft robot at the Institute for Computational Physics in Engineering [6].

environments [5]. For the practical use of soft robots, it is essential to know their workspace. The workspace describes the
area in which the robot can act due to external and internal influences. External influences are, for example, the weight
of an object to be carried or contact forces between the robot and an obstacle. Internal influences are, for example, the air
pressure in the chambers of a pneumatically actuated soft robot.
Due to the complex and continuous deformation, based on the materials used, the description of the motion of soft

robots can quickly become very elaborate and complicated. Simulations are performed to determine the deformation.
With our approach, we want to use the results of simulations to implement a simplified description of the workspace in
terms of analytical equations. The aim is to determine the influence and dependence of air pressure for actuation and
external loads due to carrying an object on the workspace. Using the analytical equations, an efficient control of the air
pressure can be realized. For a given external load and a preset air pressure, the point to be reached in space can be
calculated directly.

2 THEORETICAL FOUNDATIONS

The section deals with the soft robot under investigation and its mathematical description. First, the invented soft robot,
for which the workspace is analyzed, is briefly described. Then, the Cosserat theory on which the simulation is based is
presented. The third part explains how the soft robot was implemented in the simulation environment PyElastica.

2.1 Soft robot under investigation

For the workspace analysis, the soft robot developed at our institute, as shown in Figure 1, was taken as a reference [6].
The basic module consists of three silicone chambers, which are parallel aligned and closed by end cap. Each of these
chambers can be subjected to different air pressure. To suppress radial expansion of the chambers, rings as reinforcement
were added. By preventing radial expansion, the chambers elongate according to the air pressure. If one or two chambers
are pressurized, a bending of themodule is achieved.With all three chambers under pressure, the entiremodule elongates.
This allows the soft robot to move in all directions in space.
To ensure that the centerlines of the chambers remain parallel within a module, linking elements are used. In addition,

this also keeps the chambers at a designated distance. Connector caps are used to connect chambers along the direction
of expansion. The connector caps are designed so that the air pressure can be set separately for each individual chamber
within a module. The end caps are used to close the soft robot [6].

2.2 Cosserat beam theory

Beam theories are useful for modeling slender structures like continuum robots. Thereby the three-dimensional robot is
reduced to a one-dimensional curve 𝐫 of length 𝑙. Here, we use the Cosserat beam theory, presented in [7] to calculate the
dynamics of the one-dimensional curve. This curve represents the centerline of the entire soft robot with

𝐫(𝑠, 𝑡) = 𝑥(𝑠, 𝑡)𝐞1 + 𝑦(𝑠, 𝑡)𝐞2 + (𝑠 + 𝑧(𝑠, 𝑡))𝐞3, (1)
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F IGURE 2 Representation of a Cosserat beam in global (𝐞𝟏, 𝐞𝟐, 𝐞𝟑) and local (𝐝1, 𝐝2, 𝐝3) coordinate system according to [7].

where 𝑠 is the arc length (0 ≤ 𝑠 ≤ 𝑙) and 𝑡 the time. According to Figure 2A, second coordinate system is set up. This
coordinate system is defined by the directors 𝐝1, 𝐝2, 𝐝3. The directions of 𝐝1 and 𝐝2 coincide with the direction of the
principal axes of inertia of the beam cross section and

𝐝3(𝑠, 𝑡) = 𝐝1(𝑠, 𝑡) × 𝐝2(𝑠, 𝑡). (2)

The rotation of the directors with respect to 𝐞1, 𝐞2, 𝐞3 can be realized by three successive rotations, summarized in

𝐃(𝑠, 𝑡) =

⎡
⎢
⎢
⎣

cos 𝜙 cos 𝜓 + sin 𝜙 sin 𝜃 sin 𝜓 sin 𝜙 cos 𝜃 − cos 𝜙 sin 𝜓 + sin 𝜙 sin 𝜃 cos 𝜓

− sin 𝜙 cos 𝜓 + cos 𝜙 sin 𝜃 sin 𝜓 cos 𝜙 cos 𝜃 sin 𝜙 sin 𝜓 + cos 𝜙 sin 𝜃 cos 𝜓

cos 𝜃 sin 𝜓 − sin 𝜃 𝑐𝑜𝑠𝜃 cos 𝜓

⎤
⎥
⎥
⎦
. (3)

Here 𝜙 is the angle between 𝐝1 and 𝐞1, 𝜃 is the angle between 𝐝2 and 𝐞2 and 𝜓 is the angle between 𝐝3 and 𝐞3. The
dynamics of the beam can be described by an equilibrium of forces and moments

𝜌(𝑠)𝐴(𝑠)𝜕𝑡𝑡𝐫 = 𝜕𝑠𝐧(𝑠, 𝑡) + 𝐟 (𝑠, 𝑡), (4)

𝜕𝑡𝐡(𝑠, 𝑡) = 𝜕𝑠𝐦(𝑠, 𝑡) + 𝐯(𝑠, 𝑡) × 𝐧(𝑠, 𝑡) + 𝐥(𝑠, 𝑡), (5)

where 𝜌(𝑠) is the density, 𝐴(𝑠) is the cross sectional area and 𝐡(𝑠, 𝑡) describes the angular momentum. 𝐧(𝑠, 𝑡) is a vector
of internal shear forces and normal force and 𝐦(𝑠, 𝑡) is a vector of bending moments and twisting moment. 𝐟 (𝑠, 𝑡) and
𝐥(𝑠, 𝑡) are external forces and moments per length. An external force can be, for example, the weight of an object to be
carried. 𝜕𝑡 and 𝜕𝑡𝑡 give derivatives with respect to time, and 𝜕𝑠 the derivative with respect to arc length. Furthermore,
𝐯(𝑠, 𝑡) represents the tangent of the curve 𝐫(𝑠, 𝑡)

𝐯(𝑠, 𝑡) = 𝜕𝑠𝐫(𝑠, 𝑡). (6)

The quantities 𝐧,𝐦 and 𝐡 can be calculated by the constitutive relations considering a linear elastic material behavior
with

𝐧 = 𝐊(𝐯 − 𝐝3) =

⎡
⎢
⎢
⎣

𝛼𝐺𝐴 0 0

0 𝛼𝐺𝐴 0

0 0 𝐸𝐴

⎤
⎥
⎥
⎦
(𝐯 − 𝐝3), (7)

𝐦 = 𝐉𝐮 =

⎡
⎢
⎢
⎣

𝐸𝐼11 0 0

0 𝐸𝐼22 0

0 0 𝐺𝐼33

⎤
⎥
⎥
⎦
𝐮, (8)
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F IGURE 3 Difference between the beam movement without and with damping. (A) Without and (B) with damping.

𝐡 = 𝐈𝐰 =

⎡
⎢
⎢
⎣

𝜌𝐼11 0 0

0 𝜌𝐼22 0

0 0 𝜌𝐼33

⎤
⎥
⎥
⎦
𝐰. (9)

Here, 𝐸 is the Young’s modulus, 𝐺 is the shear modulus, 𝐼𝑖𝑖 is the second area moment of inertia and 𝛼 is a numerical
factor depending on the shape of the cross section. The constitutive relations introduce the rotations 𝐮 and the angular
velocities𝐰 of the directors. The following relation is valid for the description of 𝐮 and𝐰

𝜕𝑠𝐝𝑖(𝑠, 𝑡) = 𝐮(𝑠, 𝑡) × 𝐝𝑖(𝑠, 𝑡), (10)

𝜕𝑡𝐝𝑖(𝑠, 𝑡) = 𝐰(𝑠, 𝑡) × 𝐝𝑖(𝑠, 𝑡). (11)

2.3 Implementation in PyElastica

PyElastica is a Python implementation of Elastica, an open-source software package for simulating dynamic behavior of
Cosserat rods [8, 9]. The beam theory presented in Section 2.2 is implemented in this simulation environment and is solved
numerically. However, it is not possible to perform a static simulation in PyElastica directly. To find a static solution, it
is necessary to add damping. Figure 3 illustrates the vertical movement of the end point of a horizontally clamped beam
under gravitational load. Considering damping, the system can remain in the static rest position.
The following simulations for the workspace analysis are performed with respect to Figure 2 in the 𝐞1-𝐞3 plane. The

vertical direction is the z-axis and the horizontal direction is the x-axis. Within the simulation, one end of the beam is
fixed at a point on the z-axis. The propagation of the beam is in negative z-direction. To model the bending of the module
due to the air pressure in the chambers, described in Section 2.1, the following relation

𝜅 =
𝑀

𝐸 ⋅ 𝐼
, (12)

between the bending moment 𝑀, occurring due to air pressure in a chamber, and curvature 𝜅 of the robot is used. The
bending moment due to the air pressure is calculated from the force 𝐹𝑐 generated by the chambers and the distance 𝑎
between the chambers to the centerline of the soft robot with

𝑀 = 𝐹𝑐 ⋅ 𝑎. (13)

The force 𝐹𝑐 is determined by the applied pressure and the cross-sectional area of the chamber. With the help of the
curvature 𝜅, it is possible to determine the shape of the centerline of the beam.
To explain the workflow of the simulation, the following describes the basic steps. First, the shape of the beam is prede-

termined by a given force 𝐹𝑐. Second, an external force 𝐹𝑒 is applied to the free end of the beam in the negative z-direction.
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F IGURE 4 (A) Deformation of a beam with constant external force and variable force of the chambers 𝐹𝑐 and (B) endpoints of all beams
from each combination of 𝐹𝑒 and 𝐹𝑐 .

Finally, the deformation of the beam is simulated for the defined forces 𝐹𝑐 and 𝐹𝑒. This procedure is performed for all
possible combinations of 𝐹𝑒 and 𝐹𝑐 from a preset interval.

3 RESULTS AND DISCUSSION

To describe the reachable end positions of the soft robot with respect to its actuation pressure and a load, the simula-
tion results are transformed into analytical equations. With these analytical equations, the dependencies of 𝐹𝑒 and 𝐹𝑐
on the achievable end coordinates of the beam can be determined. In Section 3.1, the steps to reach the analytical equa-
tions are presented. These equations are illustrated and described in Section 3.2. The simulations and results discussed in
the following refer to the mechanical and geometrical properties of the soft robot of our institute (see Section 2.1).

3.1 Simulation process

In Section 2.3, it was described that for predefined forces 𝐹𝑐 and external force 𝐹𝑒, the deformation was simulated.
Figure 4A shows simulation results of the beam deformations at a constant force 𝐹𝑒 with variable forces 𝐹𝑐. From the
results of these simulations, the coordinates of the end point of each beam were extracted. These coordinates are marked
with a red circle in Figure 4A. For all combinations of 𝐹𝑒 and 𝐹𝑐, this procedure was repeated. The description of the
workspace is done by the reachable coordinates of the endpoint of the soft robot. The coordinates were summarized in
an overview plot in Figure 4B. In this plot, each line represents a constant external force 𝐹𝑒. The filled circles indicate
the force 𝐹𝑐 in the chamber according to Figure 4A, which increases on the line to the right. Figure 4B was created by a
studied interval from 0 to 10 N for 𝐹𝑐 and from 0 to 6 N for 𝐹𝑒 (Δ𝐹𝑒 = Δ𝐹𝑐 = 0.5 N).
To describe the workspace with analytical equations, the x-coordinates as well as the z-coordinates are considered sepa-

rately. As a function of the forces 𝐹𝑒 and 𝐹𝑐, the corresponding values are plotted in Figure 5. The blue points in Figures 5A
and 5B represent the simulated data. Using these data points, a polynomial is fitted. The order of this polynomial can be
chosen arbitrarily. In Figure 5, a third-order polynomial was selected, which is composed as

𝑥(𝐹𝑒, 𝐹𝑐) = 𝑐0 + 𝑐1𝐹𝑒 + 𝑐2𝐹𝑐 + 𝑐3𝐹
2
𝑒 + 𝑐4𝐹𝑒𝐹𝑐 + 𝑐5𝐹

2
𝑐 + 𝑐6𝐹

3
𝑒 + 𝑐7𝐹

2
𝑒𝐹𝑐 + 𝑐8𝐹𝑒𝐹

2
𝑐 + 𝑐9𝐹

3
𝑐 . (14)

When fitting this polynomial to the data points, the constants 𝑐0 to 𝑐9 are adjusted as best as possible with respect to the
data points. The representation of the polynomial for the z-coordinate is analogous to Equation (14).
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F IGURE 5 (A) Extracted x-coordinates from the simulations as blue points, the surface shows the fitted polynomial. (B) Extracted
z-coordinates from the simulations as blue points, the surface shows the fitted polynomial. The order of the polynomial was chosen to be of
third order.

TABLE 1 Numerical values of the constants for the third-order polynomial of the x-coordinate from Figure 5A.

𝒄𝟎 𝒄𝟏 𝒄𝟐 𝒄𝟑 𝒄𝟒

0.00053 −0.001239 0.00431 0.0005059 −0.0008825

𝑐5 𝑐6 𝑐7 𝑐8 𝑐9

−1.349 ⋅ 10−5 −5.366 ⋅ 10−5 6.66 ⋅ 10−5 4.519 ⋅ 10−6 −5.082 ⋅ 10−7

TABLE 2 Numerical values of the constants for the third-order polynomial of the z-coordinate from Figure 5B.

𝒄𝟎 𝒄𝟏 𝒄𝟐 𝒄𝟑 𝒄𝟒

−0.0003464 −0.0007543 0.0002173 0.0001893 −0.0002307

𝑐5 𝑐6 𝑐7 𝑐8 𝑐9

9.324 ⋅ 10−5 −2.785 ⋅ 10−5 3.801 ⋅ 10−5 −1.54 ⋅ 10−5 −3.171 ⋅ 10−8

3.2 Workspace description

For the fitted polynomial of the x-coordinates shown in Equation (14), the coefficients 𝑐0 to 𝑐9 are given in Table 1. Table 2
contains the coefficients for the fitted polynomial of the z-coordinates. By inserting the numerical values into the equa-
tions, 𝐹𝑒 and 𝐹𝑐 remain as unknowns. For a given external force 𝐹𝑒, all reachable 𝑥 − 𝑧 coordinates can be calculated as
a function of the force 𝐹𝑐.
From the numerical values of the constants, it can be concluded that 𝐹𝑐 has mainly a linear influence on the x-

coordinate. In comparison, 𝐹𝑐 has a much stronger quadratic influence on the z-coordinate. 𝐹𝑒 has a strong quadratic
influence on the x-coordinate. On the z-coordinate, the influence predominates in a linear way. Analogous analysis can
be performed for other soft robot configurations. To do this, the mechanical and/or geometrical properties of the soft
robot must be changed in the simulation, as desired. Simulations for shorter soft robots revealed strong linear dependen-
cies of 𝐹𝑐 and 𝐹𝑒 on the x-coordinate as well as on the z-coordinate. For longer soft robots, the influence shifts to higher
order terms.

4 CONCLUSION

In this paper, an approach is proposed to determine the workspace of a soft robot. With this approach, it is also possi-
ble to identify the dependencies of the two input variables, air pressure inside a chamber and an external load, on the
deformation of a soft robot.
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In order to fully understand the approach, the soft robot used as an example was described at the beginning (see Sec-
tion 2.1). Such slender structures are modeled by the Cosserat beam theory, which was explained in Section 2.2. The
application of the simulation environment PyElastica was highlighted in Section 2.3. A description of the approach was
provided in Section 3.
Due to its simple structure, the developed approach offers a fast evaluation of the deformation behavior of a soft robot.

Using the analytical equations available from the approach, two properties can be determined with reduced effort. On the
one hand, these are the reachable coordinates of the end point of the robot, which here describe the workspace. On the
other hand, the dependencies of the forces𝐹𝑐 and𝐹𝑒 on the deformation can be obtained. The force𝐹𝑐 is directly related to
the air pressure inside the chambers (see Section 2.3). 𝐹𝑒 describes the external load on the soft robot. It is also possible to
compare different soft robot configurations using the equations. Thus, it could be observed that for shorter soft robots, the
dependence of 𝐹𝑒 and 𝐹𝑐 shifts toward linear terms. For longer soft robots, the dependencies shift to higher order terms.
A drawback of this approach is the dependence on simulations. If a property of the sot robot changes, such as the length,

new simulations must be performed. It has also been found that extrapolations quickly exhibit high errors. Therefore, the
intervals, in this case the intervals for 𝐹𝑒 and 𝐹𝑐, in which the soft robot operates, must be known in advance. However,
interpolations can be performed with a small error.
The presented approach offers a fast and simple solution to compare different soft robot configurations. Influences of

the air pressure in the chambers as well as external loads can be read from analytical equations. Likewise, the analytical
equations open an efficient option to control the air pressure for a given load.

ACKNOWLEDGMENTS
The present publication was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) -
Project-ID 501861263 - SPP 2353.
Open access funding enabled and organized by Projekt DEAL.

ORCID
RobinSeis https://orcid.org/0009-0009-3218-6827
KristinMiriamdePayrebrune https://orcid.org/0000-0003-4358-1960

REFERENCES
1. Calisti, M., Picardi, G., & Laschi, C. (2017). Fundamentals of soft robot locomotion. Journal of The Royal Society Interface, 14, 20170101.
2. Cianchetti, M., Ranzani, T., Gerboni, G., De Falco, I., Laschi, C., & Menciassi, A. (2013). Stiff-flop surgical manipulator: Mechanical design

and experimental characterization of the single module. In 2013 IEEE/RSJ International Conference on Intelligent Robots and Systems (pp.
3576–3581). IEEE.

3. Rus, D., & Tolley, M. T. (2015). Design, fabrication and control of soft robots. Nature, 521, 467–475.
4. Trimmer, B. (2013). Soft robots. Current Biology, 23, R639–R641.
5. Lee, C., Kim, M., Kim, Y. J., Hong, N., Ryu, S., Kim, H. J., & Kim, S. (2017). Soft robot review. International Journal of Control, Automation

and Systems, 15, 3–15.
6. Lamping, F., Müller, D., & de Payrebrune, K. M. (2022). A systematically derived design for a modular pneumatic soft bending actuator. In

2022 IEEE 5th International Conference on Soft Robotics (RoboSoft) (pp. 41–47). IEEE.
7. Cao, D. Q., & Tucker, R. W. (2008). Nonlinear dynamics of elastic rods using the Cosserat theory: Modelling and simulation. International

Journal of Solids and Structures, 45, 460–477.
8. Gazzola, M., Dudte, L., McCormick, A., & Mahadevan, L. (2018). Forward and inverse problems in the mechanics of soft filaments. Royal

Society Open Science, 5, 171628.
9. Zhang, X., Chan, F., Parthasarathy, T., & Gazzola, M. (2019). Modeling and simulation of complex dynamic musculoskeletal architectures.

Nature Communications, 10, 1–12.

How to cite this article: Seis, R., & de Payrebrune, K. M. (2023). A practicable approach for stability analysis in
soft robotics: A workspace analysis for a real soft robot. Proceedings in Applied Mathematics and Mechanics, 23,
e202300179. https://doi.org/10.1002/pamm.202300179

 16177061, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300179 by U

niversität K
aiserslautern-L

andau, W
iley O

nline L
ibrary on [12/03/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://orcid.org/0009-0009-3218-6827
https://orcid.org/0009-0009-3218-6827
https://orcid.org/0000-0003-4358-1960
https://orcid.org/0000-0003-4358-1960
https://doi.org/10.1002/pamm.202300179

	A practicable approach for stability analysis in soft robotics: A workspace analysis for a real soft robot
	Abstract
	1 | INTRODUCTION
	2 | THEORETICAL FOUNDATIONS
	2.1 | Soft robot under investigation
	2.2 | Cosserat beam theory
	2.3 | Implementation in PyElastica

	3 | RESULTS AND DISCUSSION
	3.1 | Simulation process
	3.2 | Workspace description

	4 | CONCLUSION
	ACKNOWLEDGMENTS
	ORCID
	REFERENCES


